Abstract. Define ψm to be the smallest strong pseudoprime to all the first m prime bases. If we know the exact value of ψm, we will have, for integers n < ψm, a deterministic efficient primality testing algorithm which is easy to implement. Thanks to Pomerance et al. and Jaeschke, the ψm are known for 1 ≤ m ≤ 8. Upper bounds for ψ 9 , ψ 10 and ψ 11 were first given by Jaeschke, and those for ψ 10 and ψ 11 were then sharpened by the first author in his previous paper (Math. Comp. 70 (2001), 863-872).
Introduction
holds for every b with gcd(n, b) = 1. If (1.1) holds, then we say that n passes the Miller (strong pseudoprime) test [7] to base b; if, in addition, n is composite, then we say that n is a strong pseudoprime to base b, or spsp(b) for short. We say that n is an spsp(b 1 , b 2 , . . . , b t ) if n is a strong pseudoprime to all the t bases b i . Define (1.2) SB(n) = #{b ∈ Z : 1 ≤ b ≤ n − 1, n is an spsp(b)} and P R (n) = SB(n)
where ϕ is Euler's function. Monier [8] and Rabin [13] proved that if n is an odd composite positive integer, then SB(n) ≤ (n−1)/4. In fact, as pointed by Damgård, Landrock and Pomerance [4] , if n = 9 is odd and composite, then SB(n) ≤ ϕ(n)/4, i.e., P R (n) ≤ 1/4. These facts lead to the Rabin-Miller test: given a positive integer n, pick k different positive integers less than n and perform the Miller test on n for each of these bases; if n is composite, the probability that n passes all k tests is less than 1/4 k . Define ψ m to be the smallest strong pseudoprime to all the first m prime bases. If n < ψ m , then only m Miller tests are needed to find out whether n is prime or not. This means that if we know the exact value of ψ m , then for integers n < ψ m we will have a deterministic primality testing algorithm which is not only easier to implement but also faster than existing deterministic primality testing algorithms. From Alford et al. [1] we know that, for any m, the function ψ m exists.
From Pomerance et al. [12] and Jaeschke [6] we know the exact value of ψ m for 1 ≤ m ≤ 8 and the following facts: Jaeschke [6] tabulated all strong pseudoprimes < 10 12 to the bases 2, 3, and 5. There are in total 101 of them. Among these 101 numbers there are 95 numbers n having the form (1.3) n = p q with p, q odd primes and q − 1 = k(p − 1), with k = 2, 3, 4, 5, 6, 7, 13, 4/3, 5/2; the other six numbers are Carmichael numbers with three prime factors in the sense that:
(1.4) n = q 1 q 2 q 3 with q 1 < q 2 < q 3 odd primes and each q i − 1 | n − 1.
For short we call numbers (strong pseudoprimes) having the form (1.3) Kk-numbers (spsp's), say, K2-spsp's if k = 2.
In his previous paper [14] , the first author tabulated all K2-, K3-, K4-strong pseudoprimes < 10 24 to the first nine or ten prime bases. As a result the upper bounds for ψ 10 and ψ 11 were considerably lowered: In this paper, we first follow our previous work to use biquadratic residue characters and cubic residue characters as main tools for finding all K4/3-, K5/2-, K3/2-, K6-spsp's < 10 24 to the first several primes bases. No spsp's of such forms to the first 8 prime bases are found. Note that the three bounds N 10 , N 11 and N 12 are all K2-spsp's with P R (n) = 3/16. These facts give us a hint that to lower these upper bounds, we should find those numbers n with P R (n) equal to or close to 1/4.
For short, we call a Carmichael number n = q 1 q 2 q 3 with each prime factor q i ≡ 3 mod 4 a C 3 -number. If n is a C 3 -number and an spsp(
We can prove that (see §5 below)
either n = p q is a K2-number with p ≡ 3 mod 4 or n is a C 3 -number; (1.5) and (1.6) if n is an spsp(2), then P R (n) = 1/4 ⇐⇒ n is a C 3 -number.
We then focus our attention to develop a method for finding all C 3 -spsp(2, 3, 5, 7, 11) < 10 20 . There are in total 110 such numbers, 36 numbers of which are also spsp(13); 12 numbers are spsp's to bases 13 and 17; 5 numbers are spsp's to bases 13, 17 and 19; one number is an spsp to the first 11 prime bases up to 31. As a result the upper bounds for ψ 9 , ψ 10 and ψ 11 are considerably lowered:
The main idea of our method for finding these C 3 -numbers is as follows. We loop on the largest prime factor q 3 and propose necessary conditions on q 1 q 2 − 1 for n to be a strong pseudoprime to the first 5 prime bases. Thus we have a certain number of candidates n (determined by candidates Q = q 1 · q 2 ) at hand. Then we subject these candidates n to Miller's tests and obtain the desired numbers.
Arnault [2] used a sufficient condition for constructing Carmichael numbers which are spsp's to several prime bases and successfully found a 397-digit Carmichael number which is an spsp to all the prime bases < 300. Bleichenbacher [3] used a method similar to Arnault's for finding C 3 -numbers, which are spsp's to several prime bases and found several such numbers much smaller than Arnault's. But both Arnault's and Bleichenbacher's method could find only C 3 -numbers with additional special forms. They were not able to find all C 3 -numbers to a given limit. Our bound Q 11 could not be found by their methods. Pinch [9] computed all Carmichael numbers up to 10 15 , then extended the computations to 10 16 , and computed all Carmichael numbers with three prime factors up to 10 18 (see [10] ). For finding all Carmichael numbers having three prime factors to a given limit, his method loops on q 1 and q 2 and checks candidates of q 3 to see if n = q 1 q 2 q 3 is a Carmichael number. Thus his method is much more expensive than ours for finding C 3 -spsp's. See Remarks 2.1, 4.5, 4.6, and 4.7 for comparisons in details.
All K4/3-, K5/2-, K3/2-, and K6-spsp's < 10 24 to the first 5 or 6 prime bases are tabulated in § §2-3. In §4 we tabulate all C 3 -spsp(2, 3, 5, 7, 11, 13) < 10 20 and describe the method for finding these numbers. In §5 we give reasons to support the following Conjecture. ψ 9 = ψ 10 = ψ 11 = 3825 12305 65464 13051 (19 digits). the biquadratic residue character symbol of b modulo π, it is easy to prove that
Using lemmas on biquadratic residue characters (cf. [14, §2] ) and the Chinese Remainder Theorem, we subject those candidates n, with π satisfying (2.1) for k = 4/3, or satisfying (2.2) for k = 5/2, to Miller tests to decide whether they are spsp's or not. We find all K4/3-and K5/2-spsp's < 10 24 to the first 5 prime bases up to 11, listed in Tables 1 and 2 (on the following pages). There are in total 157 K4/3-numbers among which three numbers are spsp (13) and 30 K5/2-numbers among which only one is an spsp (13) . The Pascal program (with multi-precision package partially written in Assembly language) ran on a PC Pentium III/800, about 8 hours for k = 4/3 and about 3 hours for k = 5/2. Remark 2.1. As mentioned in Arnault [2, §4] , the primality test of Maple V.2 consists of three stages. The first is a search for factors less than 1000. The second is an actual Rabin-Miller test. The bases used are 2, 3, 5, 7, 11 (however, more bases can be used, on request). The last stage consists in checking if n is not of the form
Arnault [2] constructed four Carmichael numbers which pass the Maple test, the smallest one of which has 29 decimal digits. All the 157 K4/3-numbers tabulated in Table 1 pass the Maple V.2 test, all of which have at most 24 decimal digits. See also Remark 4.5 below.
K3/2-and K6-strong pseudoprimes
Let n = p q be of the form (1. the cubic residue character symbol of b modulo π, it is easy to prove that 
Using the Cubic Reciprocity Law and its Supplement (cf. [14, §5] ) and the Chinese Remainder Theorem, we subject those candidates n, with π satisfying (3.1) for k = 3/2, or satisfying (3.2) for k = 6, to Miller tests to decide whether they are spsp's or not. We find all K3/2-and K6-spsp's < 10 24 to the first 6 prime bases up to 13 listed in Tables 3 and 4 (on the following pages). There are in total 44 K3/2-numbers among which two numbers are spsp(17) and 94 K6-numbers among which seven numbers are spsp(17). The Pascal program ran on a PC Pentium III/800, about 15 minutes for k = 3/2 and about one hour for k = 6. Remark 3.1. We may use biquadratic residue characters and thus work in the ring Z[i] for finding K3/2-and K6-spsp's as for finding K4/3-and K5/2-spsp's in §2. But then we would subject more candidates to the Miller test, and the program would run longer.
C 3 -strong pseudoprimes
For b prime and ε ∈ {1, −1}, let
It is easy to compute: 
With the above notation, our algorithm for finding all C 3 -spsp(2, 3, 5, 7, 11) < 10 20 is based on the following theorem. 
To prove the Theorem we need two lemmas. 
Proof of Theorem 4.1. Since each q i ≡ 3 mod 4 and n is an spsp(b j ), we have by Lemma 4.2,
Since n is a Carmichael number,
This means that k ≡ w mod m u for some w ∈ K u . Now we are ready to describe a procedure to compute all C 3 -numbers n with 19 · 23 · 31 = 13547 < n < L, say, L = 10 20 , which are spsp's to the first h (≥ 5) prime bases.
PROCEDURE Finding-C 3 -spsp's; BEGIN For each 5-tuples (ε 1 , ε 2 , ε 3 , ε 4 , ε 5 ) ∈ {1, −1} 5 Do begin compute the set S ε1, ε2, ε3, ε4, ε5 ;
For each u ∈ S ε1, ε2, ε3, ε4, ε5 Do compute the set K u end;
If n is an spsp to the first h prime bases Then output(n, Q, q) end; The Pascal program (with multi-precision package partially written in Assembly language) ran about 1600 hours on a PC Pentium III/800 (in fact we used 10 PCs, each running 160 hours) to get all C 3 -spsp(2, 3, 5, 7, 11) < 10 20 . There are in total 110 numbers, among which 36 numbers are spsp(13), listed in Table 5 ; 12 numbers are spsp's to bases 13 and 17; 5 numbers are spsp's to bases 13, 17 and 19; one number is an spsp to the first 11 prime bases up to 31.
Remark 4.1. In Theorem 4.1, q 3 is not necessarily the largest of the three prime factors of n. If we keep in mind that q 1 < q 2 < q 3 , then q in the procedure would be either q 2 or q 3 . So, if n is a C 3 -spsp(2, 3, 5, 7, 11) with q 1 q 3 < q 2 2 , then n would be output twice. (2, 3, 5, 7, 11) or not. Note that ψ 5 is a C 3 -number. Given q 1 = 6273, using the method of Pinch [9] for finding ψ 5 , about 
Discussion
Let n = p Using this formula, it is easy to prove (1.5) and (1.6). (If n is a K2-number but not an spsp(2), we may have P R (n) = 1/4, e.g., P R (91 = 7 · 13) = 18/72 = 1/4. But this fact does not help.) For comparisons, Table 6 lists the maximum value of P R (n) and T h -the number of Kk-spsp's < 10 24 to the first h prime bases for k = 2, 3, 4, 3/2, 6, 4/3, and 5/2. (The value of max P R (n) needs the additional condition that n is an spsp(2) for k = 2, 5/2, 3/2, 6.)
We see that there exist more spsp's (to a given limit) to more bases for larger P R (n). For finding all K5-spsp's to a given limit to several bases efficiently, we should use 5th residue characters in Z[ζ 5 ]-the ring of integers in the cyclotomic field Q[ζ 5 ] of 5th roots of unity. Computations in this ring would be more complicated than that in either the ring Z[i] or the ring Z[ω]. We will discuss this issue in a future paper. Since P R (n) = 1/10 for K5-numbers, we may predicate that there would not be many K5-spsp's to more bases. Combining these facts and (1.6), our conjecture stated in §1 would most likely be correct. It might be possible that there exists a constant c such that no strong pseudoprime to the smallest c · log n prime bases does exist. Davenport conjectured that for the choice c = 1/ log 100 no counterexample can be constructed. Bleichenbacher [3] constructed a 41-digit C 3 -number which is a strong pseudoprime to the smallest 21 prime bases and is a counterexample to Davenport's conjecture. Our 19-digit C 3 -number Q 11 = 3825123056546413051 is a strong pseudoprime to the smallest 11 prime bases and is a better counterexample to Davenport's conjecture than that of Bleichenbacher in the sense that . These examples show that it is not secure if one uses k bases for 2k-digit numbers as the 2.0 release of Axiom does (see [2] ). Hopefully, the first author's one-parameter quadratic-base version of the Baillie-PSW probable prime test [16] has probability of error < 1/n 2/3 or < 1/n 2/7 for n a product of two or three different odd primes, and it seems much more difficult to break.
